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XXXVI. Properties cf the Conk SeBions ; 
deduced by a compendious Method, Being 
a Work sj the late Wiliiani Jones, HJq'y 
F. R, S. which he formerly communicated 
to Mr, John Robertfon, Libr, R. S, 
who now addrejfes it to the Reverend Nevil 
Mafktljnc, F. R, S, Aflrononmr RoyaL 



S I R, 

Read June ^4, -c^ O U weli know that the curves 
i77> jl^ formed by the fedions of a cone, 
and therefore called Conic Sections, have, from 
the earlieft ages of geometry, engaged the attention 
of mathematicians, on account of their extenfive uti- 
lity in the folution of many problems, which were 
incapable of being conftrufted by any poffible com- 
bination of right lines and circles, the magnitudes 
ufed in plane geometry. The properties of thefe 
curves are become far more interefting within the 
two laft centuries, fince they have been found to be 
fimilar to thofe which are defcribed by the motions 
oi the cceleftial bodies in the Solar fyftem. 

Two 
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Two different methods have been taken by the 
writers who have treated of their properties; the 
one, and the more antient, is to deduce them from 
the properties of the cone itfelf i the other is to con- 
sider the curves, as generated by the conftant motion 
of two or more ftrait lines moving in a given plane, 
by certain laws. 

There are various methods of generating thefe 
curve lines in piano i one method will give fome 
properties very eafily; but others, with much trouble: 
while, by another mode of defcription, fome pro- 
perties may be readily derived, whicb> by the for- 
mer, were not fo eafily come at : fo that it appears 
there may be a manner of defcribing the curves fimi- 
lar to the Conic Seflions, by the motion of lines on 
a plane, which, in general, fhall produce the moft 
eifential properties, with the grcateft facility. 

That excellent mathematician, the late William 
Jones, Efqj F, R. S, had drawn up fome papers on 
the defcription of thefe curves, or lines of the fecond 
kind, very different from what he gave in his Symp/is 
Palmariorum Mathefeosj publifhed in the year 1706; 
or from that of any other writer on this fiibjed. A 
copy of thefe papers he was pleafed to let me take 
about the year 1740. He had not finiflied them as 
he intended ^ but, in their prefent ftate, they appear 
of too much confequence to be loft 5 as, it is much 
to be feared, his own copy, together with many 
other valuable papers, are; and therefore, I am 
defirous of preferving them in the Philofophical 

Y y 2 Trar^f- 
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Tranfafllons, in the manner I at fiiA tranfcribed 
them ; although, I am aware, they might have been 
put into a form more pleafing to the generality of 
readers: I have indeed annexed larger diagrams 
than what accompanied the author^s copy, in order 
to render the lines more diftinit, as all the relations 
are to be reprefented in a iingle figure, of each 
kind* 

Mr. Jones, having laid down a very fimple method 
of delcribing thefe curves, feems to have been de- 
firous of arriving at their properties in as expeditious 
a way as he could contrive ; and therefore he has 
ufed the algebraic method, in general^ of reducing 
his equations -, and-, on fome occafions, has ufed the 
method of fluxions, to deduce fome properties chiefly 
relating to the tangents ; and, by a judicious ufe of 
thefe, he has very much abridged the fteps which 
otherwife he muft have taken, to have deduced thjs 
very great variety of relations he has obtained: thele 
he intended to have arranged in tables, from whence 
an equation exprefling the relation between any three 
or more lines of the Conic Sedlions, might be taken 
out as readily as a logarithm out of their tables ; this 
he has only partly executed 5 but it may eafily be 
continued by thofe who are defirous to have it done, 
artd are fufiiciently acquainted with what follows^ 

From the Houfe of the Royal Society, 
April 29, 177^. 



The 
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The DESCniPTipN of Lines of the second 

KIND. 



T ET tBc rig!it lines ai>, a%^ he iumt m t tUmOf stitif 
^•^ incliaatiw the one with the other, See Pi ate xty. Fig, i» 

In A©, A%y take Aif, am, of any gbrm magnitttdc, and 
draw MN parallel m ajd. 

On the points a, a^ let two rtiler$ ap^ ^p, tcrolve, and cut 
Mn% a<^, in K and <j^> (o that AQ^be every- where equal to 

Then fhall the interfeAion p of the rulers defcrifce lines of 
tile fecond kind, or curves of the firft kind. 

Where the right^line a a^ is the firft, or traafverfe diame 
ter. 

The point c, Mfeeling ihe diameter Aa, is the center. 

The right-line l»0, drawii parallel to aq^, is the ordinate 
to the diameter Atf. 

The part ai>, or ci>> of the diameter^ is the abfcifs, when 
reckoned to begin from a to g, or from c to a. 

The right line tb drawn from the center c parallel to the 
ordinate p©, and terminated in the curve, is called the fecond| 
or conjugate diameter. 

Thofe diameters to which the ordinates are perpendicular^ are 
called the axes. 

And AM is the parameter to the diameter Mi 



Ta;B 
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The properties op Lines op the second kind. 



I. Put Aa=(/=2AC = 2f J B^=^=:2BC = 2;i AUSSZpi TO^yi COSX} AD=S«. 

Then pd =£.xaiw, 

/ 

For PD =i:21^=iS££f (by fiin. A s). Th, ro*=*H x M>a, 

/ ^^ 

3. Hence ---.j;y=s:t:;ri=;^H=«Xii=^rf. 

t 

4. And pizzcCfj^T tpdzzii\ for when j^=(f=:p, theiT^=0. 

fi^. - P^*«« J^ p tp 2pd ff\ ,iy ec BC^ 

•^ AD« '±,it^xx t d dd it dd it ^q^ 

6» The curve line whofe property is yy+^uu-^2pu:zio^ 

(where the abfcifla begins at the curve). 

Or j/j + ^jrx— rir=ro, (where k begins at the center), 

is called an Ellipfis. This curve returns into itfelf. For when ^=:o» thtn^rr^l 
and when ^=0, then x:=:U Which can happea but two ways* 

7, The curve line whofe property is yy-^-^uu-^^purzo^ 

t 

Or yy-^fixx+cczzo^ IS called an Hyperbola, This curve fprcaJs out infinkely. 

For y iacreafes as x increafes ; and has four legs tending contrary ways : for ^x, of 
yy^ may be produced as well from — x^ or — f$ as from -j-**, or +y. 

8. If the point a^ is fuppofed to be at an infinite diftance from a, fo that a r^le c 
ifP moves in a parallel pofition to ad 5 then rs yyzz%pu^ or yy-^aprnzzo^ the property 
of the curve deferibed, and is called a Parabola* This curve fpreads out infinitely ; 
for y increafes as u increafes,. 



mm 

p Let 
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ij. Let Atf, p^, be any two firft diameter* r b5, qjf, thdr fccond diameters. 
Plate xiv. Fig. 4. 

Draw the ordinates pd, qjj, to the diameter Aii, and the ordinate pi, to the dia- 
meters f. 

Let PT be a tangent, and pm be perpendicular, to the curve, in f | FT cutting A«, 

Bby produced, in t, f ; and pm, in M, m. 
Put the fabtangent dt zzs^ dt :iz r, 
LctATrsr, pmsw-, CBrrw, ct= f szjrsfci^c: jf±ii»» 
Put s, s*, =5 fine and cofme of the angle mpd, or angle vmt. 
a =: tabular radius. 

Then Ci>T zufszzt^zuXsziii yyzz^Lyy zs =fc: ttq;: x^:^uX d z^u == ADi^% 
For iix?^ = flj,^i =)«;;>. Therefore/4 = -^=)5?=~ (byfim. as). 
Ard cdi:=:yirzzLxxzz'±xx:r:^cc^yy:=:ndb. For (^=:)'^zz±. 

4 U \j ' X or 



10. Hence AC tZittzzxxxdzszzxXiztrzzxqzzDCr. 

11. AndBC =ce—yxy + <r—yxctzzdct, 

U. Confeqwntly It = *^ ., = ^ = ZI*. 

13. Alfo ^*=ttW=(^\2=5?Vl!f =)«xiil2S=:w=i£yy=AD«=;cDT. 

PD* ADa ix cc 

14. Therefore AE^rrf 2i x ad^ =~ X ^jr =: ) xxzzcd'. 



A t ** — * irPD* \ r^ ^ 

IC. And QE zz I — XAE<?rrj ^xxzz^xxt 



In 
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III the general fchemes, Plate xr* and Fig, 5. Platb xir^ 

1 5. Let ha^ Bij be the loogeft and fhorteft axes. 
Praw c f perpendicular to the tatigent pt^ cutting It in f . 
Put cpziT ; CQ=c 5 ce=§. 
mu /c/XCE_fr ^^/v * ftf ACXcB 

Then ce = e = I =~- x -^=:) "" 

\ co^ jij^ cc 



C CQ^ 



Hence the paralklogram, undei: the two axesj^ is equal to the parallelogram under any 
two diameters. 

17, Dr3w the tangents aw^ an^ to any vertices a> <f, meeting any diameters rp^ 
i^jf, produced in v, u, and v, «, and the tangent pt in n, «• 

ThenAt; = fSiii!^=:)if. Aid af= fJL>!£2=:)i?. 

V CB ^ V CD ^ ;v 

x8. Atfo cu = f tltHS^rz) ^. And gy = ^Hii£^=) tl. 

\ BQ^ y \ CD X 

19. Hence pv= (er cocprr:) t x^^» And i^y=T x^^^ 

Alfo Qu= (cTjcoc(^=) cxi^. And 5U=cxli2, 

ao. When a a and bJ are the longeft and fhorteft axes; and when yzzp^ 
Then xx=:tii=p^yy will become /if hPJ>^ =r//=p^r^ which call jy. 

And €0 = ^, will become CFrre/zrj^ 
The points e, j^ are called the ^ocii.. 

Hu Hence AF==^/=±#rp/;. a/=:<2I=:/+/. 

«• Alfo Cr*^c7*=jO^==fc^fHP^^=rdt:^fqR^f». 

And in the ellipfis, ac =: \bc*+cf*^ =:) bf*. 
in the hyperbola, €F* = (ac* -f bc* r= ) ba\ 

Hence^ a circle defcribed from b^ with the diftance ac in the ellipfis, or from c, 
with the diftance ab in the hyperbola, will cut the axis Aa in the focii f, /. 

5^3, Draw 
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a$. Draw f P, /f, from the focii f,/, to any point p of the curves and draw 

the conjugate diameters P^, Q^q* 



Put PFr:jKi v/zzv, Fczzr^ qczzc} ^^rrfi Zlny, Then 



ff. 



PF zzzzzzyy+xx"^ 2^f4-//=z tt'^2/x+'^xx=:TT^ff^2fx, 



A^^ v^rr" — \ttKf>ff — : — — 

For jfys: ( — X/Y co^^r = )— Zi. xz/co^r**. 
a4. P/= 2?= (Vif ^+ 2f:>c+£^xxzz) t +/* = # 4. 4>je = Ifi^. 

a6. p/ + PF zzvv -i-zzzz 2yy + 2^^ + 2//"^ 2tt + 2pfxx ZZ 2TT+ 2/f 



27. p/ — PF zrt^v — «%^4/>s:v + zXv — zzzttxv^z 



cc 



28. FP/r: zvzzzx az=F » = 2Z« =?=»« =^^ co ffxxzz tt^xxx-^xx 

zi€€Kn3LLyyzZ'>^yy'\ — .x'^:;rcE +eq^ 
€t ce it 



ziQ% zr cc =: T X P» 



s: V« :+=£€=: ^ff-^ cc'^zv^ 
tjo. Hence i = ^^^vizfx zz — ^i ^ ^h 

Vox. LXDI. 21 z Jit Aft 
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31. Acr: 



ex 



r ^ Wcc^yy 






\-Z 



--'^•-vv^^O'J _w 



32, CD ZZtd ZZXX 



ZZzttiqpLyy-iixccziz 



CCS* fs* f 



cc 



yy 



cc^^ (f(f ff 



cc 




::z—^mm-^xit ^zzvzz^Xazf ccz:. 
/■/ // // f 



// 



/ 



s s 



_ tt 






34. PD* 2: cd*:xyy^^sx r:~i;v ::=££ X '^TF'^nv = zt 






^j,. p .^^CC cc -h- ttZiZ.ff 



■ ' H I 

cc cc 



tt 



x^ 



cc 



-^^ILxzv — tLocni--^ xcc xxzz^x zv-^cc 

ti tt // // jy^ 

=^-7:? »» = •—:«» (putting «» zr z «i —. ^^) 
ff ff 

^ttWIS-^t^ tt 8 8 sV 

■^ ^^ :=:cc q:; — x — «rw.i::-— wflf. 

f/ cc RR RR 

35. And> = — £ffl— ^If^~-/f^~«^Afli 

36. Alfo £Lyy=z%V -^CCZziLy^ TT^T^-Z ff rp ^XX 

:^nnz::ff':f:mmzzQC'''^cCw 



37. ff.C 
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zzcc + tt (y^zvzzcc^mmr::cc + ti i:riCC 
zztp'^(p(pxxzz2cc+//(/i%v=z2pt'j'f/(yizv. 



« ^zv — cc 



41. And j = ~if=:-£If = m^-£^=:-.££f (for »,= ,*). 

arzz (cT + ctfrz) ^+/=— xifHh^=:^ + /=-^+r, 

43. fth (=fc CT =p CF=r d= :^ =p/= -/^^/^^ = Il^-^zz'^. 
/ T n ( CT f c/zLTi^ +7=^=^- — i^^— :z: ) -^^ — rz^^z: — ^. 

On A^ defcribe a circle, draw the tangent TP^ and draw CPV 
Continue dp to p\ and at right angles to tp\ draw FR^, 

ThenFR^n/— xcp^=ilx/x^=)z=:FP, 

V CT X tt 

fr'^zz (:i_xcp'z: — x^x — = ) vzzfv^ 

\ CT »V tt ' "^ 



Zz % 44^ DT 
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44. DTriJiz^rii^-z^ii^^^ir-.^^ 

px ccx X fm 

J pxx ccxx ^^cC^^ yy cmm 

ty tty y fh 



/ Qt __\ ^»* c 



AC. ANz: f — X ATz:) — xt — ;yir— X f*-^m. 

^^ \CT »^ « 

/ c/ \ ^w — : — 

anzz I — xaTzz) — xt-i-x. 

\ CT «^ 



PVXC/ /-**^y. T ^ fC ^\ fc .". _ A 



4.6. VNr:/ — -- — 'zz x — x ^--r) ^^ x/— ^z:^ x /^ — m 

~ V ^c T X n nx nm •' 

= '- 7-, -^^ . — X/-- Kftt — zv 






tm 



47. adz: (± AC rp CDrr dr / =?= -— -z:) --X dz/qp i«^ 



/«» 



/7D-r (ac+cp=:/ + -^:z:}^x/-F»?. 

48. Produce pf, /(/, fo meet the curve in n, ^ ; 
Draw n'A perpendicular to a<j. 

Put Fn zz z\ fv rr v\ f A z: ^\ 



Now, FDZI (zt OF =P CDZ:) d= yqF ^ ZZ ±:/q= 



f f 



f f 

Cf — tSS: 



rhen t&=x'= (cA_.CF=:) y— /= (-p x <—»>—/=) 



/As:/+~.z: 



49. Froiu 
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49* From f, /, draw FR, /r, perpendicular to the tangent pt, aud cutting Ifc 
ill Rj r, 

,^^^ FTXCf ^rg^ eg f% ^ ^ /« 

CT C \J x<v *w itz'-^zm **' 

tfzZrk ZZ ^ ' • "- 'ZZ. rz-' .--^ p. • • * Zl^y — 

^ ;::2 ■■ ■ , I .., ror a ... — ^ i n, 2^^ n: i ■ *-» j — — . 



<Vji/%'0 



For K ri:: — ^« Th, 0,^'^'zz ( " •*■■) -~— -• 



V AN /«c /c;^ y-v nf m t/ 



T /* nr ' ■ • "■ •■ '■ ■ — ••>. — -^' —-Hi 



51, Draw PM perpendicular to the tangent pt, meeting the axes Aa^ a^, in My ???-»* 


















r^ \ f/ ^ f<r /y* /* 

5a, CM=: (CDT:DM=:,y q= -~^ = ) -,__^ = ^^z:yi^ 

/ / / ic 

tt it m^ cc ff f f / • " " ' — 

c/»= (i»i :p cd-=.—y ^y=.) y -M-y-J-n=:L-'s/zv — cc 






33. FM= (CF^CM=/a5:^ = >^Xf qp W=^r:=l=/=t= ^-^, 



/M= {/c+CM:::/+^=:)^xi + w=:^=:/-i:^^. 



<4.. F./X? 
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.C5. Af4=: f AC c/iCMir) /co-i—ii: l^zit K/i^LLx. 

^* ^ ' t i it 

t t tt 

n c ^^ y y 

57. PM=Tr: fliiil^r:) l^s/7i=Lczztc-L^ tt ^(f^x^ 

\ PT ' / / r / 

^ // s /I 

t '^ t 

PM XP^ 



T/« 



\ DM C C f C 

zr-Ly / 4. ^^ X / - f A' :=:^s/t^cf>ffxxzzLs/cc'{-yyyy 
^■—^c'^'^/fyy:=:--^/2tz =p zzzz\/~z qp — ««• 

58. Mw:;r (p;« qFPM=:-c ::?=i-c::::) 'i^-l'c=^V'2V^ 

ct 
rq. pTrzTzrf r=) — cnV xzz/ir~-c. 

-^^ \ DM |»| // — %v fx 



p/rzT =z ( r=) — c= V xv»=:j^< 

V DT ' n «v — Cf ^« 



cx^ cx^t.^ -.^ ■ 



60. TM 
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V DT m m -^ tnu ^ mn ^ " xy 
/pTXra «c / > , fm . fc re 

, /AD X PT / "* ■'■ »c /«f ^ c rc ■ 

(a dX p t / ^ r~ — « C /«^ . o _ CO. — 

= Ax\/Sii=-^xxy 

*^'^ — \ TM ^ Q ^^ tC ^ z C ^ ^ ^ « < ^ /— <pJ^ 



64. Pf = (T£=FTP=-- q= — x)--X/r:i:cc-- X mm^~r 



• 



^«c w ' /»c mc 



6r, Tt = { -= X ~ X^Ks^-^^ss/yV' 

^ \ vi> m n en ^ mn '^'' I 



SCfV 



tt — ««i;X «a;— c<r 



^ ^^ tt^^ 



66. Nr/ rr f s=\ -jL— c=:_ c as— V%^s=:2/ V 

\ PT ' i-ff J' J? J 



«i; 



From c and f^, draw cy and f*, perpendicular to p/ 

PutP« :m Aj s zr f<?-fine of the /. a/p; r =: tabular radius,. 

/ / 

And vf-zzvzz ^ — ^— ^ 



«,. ^ f^f^f^ tv-^cc^xtv-^cc /s V 

The„/r=(-^-f"= -J— )-^=(-Xc/j 



B 



:& 
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2pi . %'-\-'V 



^ *y 



'Hence pziz , ' "" ' " X ^j ^ = jzr'i i. r* % n • x ^ 

* as-j"*^ -♦- ^^ it: J5— -^ o' — •/ 

Therefore p is lefs than, equal to, or greater than d: A =f js, in the Ellipfis, Para- 
bola, x>r Hyperbola. 

67. Draw »f|*, making the c ^mp^ zz t. jpcm, and cutting PC in>. 

/pMXP««_^ce %n» tf'^^q>xx 

1 hen pffe = 1 — -- — — i -7- — "T .J ,- ■; zr -*7====x=r 

=: p = I parameter to PC. 

68. Let F^ be an ordinate to the axis a#. at the focus f. and ^G a tangent 
to the curve in <^, meeting Aa^ bc, an, an^ in g, ^, s, x* Then 

m^ z= yii X A¥a = V ^ X cc zr) l£=u. 3: a 
rr f parameter 40 a^» 

^f ffdtiet ft it 



69. CG 



/ / ^tt^cc ^iXt^ 



f 



70. FG = (CG to CF=^i. CO/ sliS^ =!£-££ 

71. Draw PH parallel toAtfj and gh perpendicular to hM^ meetings tn, pt, 
in H, hi then 

ti i i 

PHr:pc=r(cG CO DCsr)7 co;rt=^ « =: y X PF* 



yfii. TG 
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72. T9 = (CTM CO =-^'« -S^X aT*-) j-ijX ^^^=jix7^. 



V i>T / m '^ tnn n ^J"^^^ ' 

■7- X /c/3 xzz '-p —^ X — r— • 

74. P-5 = fli^l^r:) £c =lf c =« xV^^^ - - ^/zv, 

\ DT ' a fy K'U—CC ~ fy 

75. a^=:(p^— PR =)^_21 = ^xHE=^=) 

%cc ^ zee ««. ^^^ 

*?6, F ^r= f V^a ^-^'^ r:)_ r:-7====: — z: > — 
^ ^ n yz'U'^cc fy fy 

17. Let BB be any Ordinate to the axe a^, catting the curve in s, and the focal 
tangent # g in r | 

Then D«r=: {■ — -^ — =— x — x— =) js = fp=:f-S, 

\ FG t f C€ ' 

. Therefore Asr: af; ^?^ rz ^F| c^ =:cAj bjrfini. AS* 



ftllMiWPI<*iiill 



79. BF*=:(D«r^— BS*r:B<r+I>SXDa'~DSr:) PiTXcrS. 

79, Let the tangents pn, p l, to the oppofite vertices p, ^, cut the tangents ah, 
an, to the oppofite vertices a, a, in n, », i., /• 
Then p n =,p L 1 ^» = al ; pn =: pli AN ^/. 
For the Trapezia's PC an, pCAh, are fimilar and equal ; 
And fo are the Tra|3ezia*s pcah, p c ak 



VoL.LXIIL Aaa Si* Pt 
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8a. CEQ^zr (xyzz) ct>t^ zz d CD zz dm x dm. 

83. AN X aD=—^r:anxADZZACXVDzzDa/z:DAi, 

J 

84. RPr zznn zz tp^. 

85. KTrrz (^ xit -{luff, x-it=) Ara. 

\mc. m mm 

87. ^i:nzi(^^I^x ff^mmzz)'^l^-^Tfs. 
' \mm nn ^ ^ 'mm -^ 

88, PNXCBzrrFcrj^ iz— cz:) an x cq. 

89. cAvn (tx^zz— xy=)cTxPD. 

90, VKhzzl = )frV 

V ^^ 

Hence ¥h is perpendicular to fp. 
gi. KM/=f£5 x^rr)^ X «z;=^ x cc =^x H^^ 

9Z. Amazz(ttu^'^'^^^^^zz) ccx-^xzv 
\ tt ' tt 

=:7b* + '^ X CQ^ =: CB* + EM/: 



93^ 
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t7. '''^* ->.^^^^P^^AN*_,CA^_ADig_Ar>g,^AD^_^b* 



CBT 



TN '^ AC* VN* CT* AT^« RTr at* AT* ATtf 



DT Z + AT ^D ^T 



95.^=^=:^=/!:. And*I=J_=if=fI. 

CT / AC c^ 0T /+;f tfD «T 



96. !:!^=£5 =£=!:£. Andi^rzilr:^. 



07. !j!i£— :^— lil^lizii— fiLzIi--) tSlizz—. 

98. Let PM, the perpendicular to the tangent pt, cut the axis A a in U ; and 
/"p, produced, cut fr in ?• 

Then will pm bifefl: the angle fp/. 
For p F X Mfzzpfx M F. 

99^ And the angle fPt is equal to the angle /i» if. 

For Z.TPF + ilFPM=^/P/+ Z./PM. 

100. Therefore pt will bifeft the angle fp^. 

For Z.^PT= (Z./Pt=) /.FPT. 

101. Confequently p?=PF. And R^rrRF* 

102* A circumference of a circle defcribcd from if> with the radius fN, will cut 
the axis a^ in the focii F, /i 

For tnxt^zztfxt/. 



A a a a 103, A 
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103. A circumference of a circle defcribed from c, with the radius CA, will cat 
the tangent ?T in E, r. 

Whence the perpendiculars re, r/i. to that tangent^ will cut the axis Aa 
in the focii F, /*. 

FarTRXTr=:TAXT^- 

104- A circumference defcribed from B, with ac, in the ElHpfis^ or from c, 
with AB in the Hyperbola, will cut the axis a<?, in the focii f, / 

For, in the Ellipfis, ttzzcc+ff, or ac*=: (bc^+cf^ = ) bf^ 
And in the Hyperbola, f/zz^tt + cc^ or cf* = (ac'^4-bc*=) ab\ 

105. Let CQ^ produced, cut pf, p/, in 2, x; draw mz, mx^ and MZ, MXj^ 
parallel to them, cutting pf, p/ in z, x. 

Then p^s=cr = ca = pz = /. 

io5. Hence z.p^z= Z.PJ2;r; and jLmoc%'=s^ l^mzxi 
For p/;2 is perpendicular to %x^ 
Confequently, the angles pz^, vxm\ pzm, pxm are equaL 



107. And th^ triangles v%m^ vxm^ are fimilar and equal : 
And fo are the triangles pzm, pxm. 
Confequently, the trapezias "Bzmx^ pzmx, are fimilar. 

108. Let CR, cr, cut pf, p/, in k, h 
Then CK=== /H!21i£l=) f p/»piz:in 

And ci 5= f^^!^^=) |PFS==PK« K.R^ 

lOQ, Alfo pxwpf = fI!lxp%~^x-ix/ = ) 5£=f^=} ^, 



no. Th€ 
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110. The Trapezlas wchR, pbfe, /r/c, are fimilar, and coiifequently their 
correfponding parts are proportional. 

{ FQ _ Gy& _ ^R _ R P 
r» ^ DF '^TT'^'rT 
/r rr rt =:7c*=: c/ 
For the triangles RF^, rpf, and who, fpd, are fimilar. 

111. The Trapezias c^pd, .iCMP are fimilar, and confequently their correfpond- 
ing parts are proportional.. 

That is ^zzl^ = — zz^. 

/C CM PM rt 

112. And CR,. cr, are paralld to p/, pf, and equal to CAv 
For rt/= CTP =:rTF. 

113. Let 5)' = fine of the Z./P/, orTPF; R = tabular radius. 
ThenJL=f££=)f.=v'^. 

t \/r ^ c c 

Put J sfine of the APCQ^, made by any diameter and its ordinate*,. 



f * (iO , ^^^ 



cc '"''' ~ ^-^ Sf £€ ^ ~ "' rr 

X:I4. Let the parallels pfO, ci3r,/>/V be drawn,-^ cutting the curve in ij, g, mj and 
ordinately applied to forne diameter (2t), vvhofe parameter is 2?r, and femi- 
conjugate c0 =z %, to which pr is ordinately applied at *'. 

Then c^= f£!i:ir==ld:II!=)|. + i^r:|Pn=. f^z:) ^=.^==!f!. 
xi§% c$ =(|ACXPn=:) f ^ X^+a =z \^ac x ^=) — %» =— ssz*. 



116. -rjjj — -^ — — — ^^_/j5^ -^ /i — a' 



117. PFn = -^^^ = i^X2s+%^ = ii^xpn,. 

118. pn-x + Xi'r:-- — -- = _-- rr^xa^; 



CB 



[ 36o ] 



CB^z:tc:zpizz±:tt ^//^ ^t hf/x/4-/s=: AF/irrvAurr/c^— cfg 



PMXC^.=:FB.X/rr:ANX^w=:^/XAL=:ACXF4>=://X 



= //x2Mr://X,^=//x!^=//X^=://X^^=://x 

am QQ^ Ar>a "^^^ '''' 



DC 



TDC 



PM 
PO 

cm 




zzAMa — FM/n FP/— RPr zr// x — ^ 
=;TT-f cc — // = — xzv>!^xx — ttzzlzv zt ^kz''v''ffyy. 



FN x^ Lz:cD X TM irpD X tm—^-L X PM^'zili X TthzzIL xfm 



ff ' ff 

:ti + cc — TTZztt 



CC H ff 



tt ^ r Ct I ACBl --. ^ 

zz~~XFM/ri--rrXMw = zifm +FM/r:BC +Rpr 

ff ff ' c^ • ^ 

/y __ // , rr DC — * 

'•:iJ^xx^ZL — yy-^r — xx-zz — . x PT . 

// CC // X)T 



CF 



/7 



f^* 



// 



cczztt — tpzz-^xt — pzz-^ Xmmzzvpxxt 

p XX ^ 



— — ■ XFMfzz X //// =r — . X ft/z: — x NT«. 

ec -^ GO -^ CC -^ CC 

The femi-parameter (/>) to the greater axis (a^) is equal to 

. _.p2.--.^£f _yj^_CFG _/Cd^ PFn_FM X C^ 

AC AC AC AC ~Pn~" AC 

■^, ^R >^/'^ ^ ANX^» _ ACXPM _ACX D1VI_,ACX</C_^BCXM« 

AC " 



AC pm DC dm cq^ 

BC X CQ^ _Jbc^ __cc _^ ttyy _^ ±tf=^ff ^cc — yy 



vm 



AC 



Xt 



sx 



CC+TT it CC+XX'—tf 



X/=: 



/ XX 

2 / — «; a 2 1 



XFR 



tV 



t XX /«5 /.J, 

The femi-parameter (p) to any diameter {vp) is equal to 

_Car_C.G_MP«?_NF«_TP/ Fpf l*/ PNXiiL 

PC ~ PC PC 



X/r 



P»> 



PC 



PC 



PC 



PC 



CDXTM_PDX/«?_PTXPN___ // PM*_f^ !*«?* 

PC "~ PC "^ pv "~rf PC *~// *pc* 



:^^/Jt=JL^'^^2±li=:21. [SceTAB/XIV, XV.] 

^ PC ff PC T "■ ' -J 

XXXVII. /In 



